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Abstract
Let N be a Carnot group with reducible first layer equipped with a left
invariant sub-Riemannian Carnot metric. We show that each 1-quasiconformal
map defined on a domain of N is the restriction of the composition of a stan-
dard dilation, a left translation and an isometric graded isomorphism. We also
show that each quasiconformal map defined on an open subset of N is locally
biLipschitz.
Keywords. 1-quasiconformal map, Carnot group, Liouville theorem, reducible
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1 Introduction
In this paper we study rigidity properties of quasiconformal maps on Carnot groups. In par-
ticular, we identify all 1-quasiconformal maps on a large class of Carnot groups. The Carnot
groups in this paper are equipped with left invariant sub-Riemannian Carnot metrics.
It is a classical result that every 1-quasiconformal map defined on a domain of an
Euclidean space Rn with n ≥ 3 is the restriction of a Mobius map. This result was first
proved for smooth maps by Liouville, and later generalized to non-smooth 1-quasiconformal
maps by F. W. Gehring [G] and Yu. G. Reshetnyak [R].
L. Capogna [C] and P. Tang [T] independently proved a Liouville type theorem for 1-
quasiconformal maps defined on domains in the Heisenberg groups. Their result says that
every 1-quasiconformal map defined on a domain of an Heisenberg group is the restriction of
an element of SU(1, n). For general Carnot groups, Capogna and Cowling [CC] proved that
every 1-quasiconformal map defined on a domain of a Carnot group is smooth. Furthermore,
A. Ottazzi and B. Warhurst [OW] showed that the 1-quasiconformal maps between domains
of a Carnot group, other than R and R2, form a finite dimensional space. In this paper we
identify all 1-quasiconformal maps on a large class of Carnot groups.
∗Partially supported by NSF grant DMS–1265735.
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Let N = V1 ⊕ · · · ⊕ Vr be a Carnot Lie algebra. For each t > 0, the standard dilation
λt : N → N is defined by λt(v) = tiv for v ∈ Vi. A Lie algebra isomorphism A : N → N
is called a graded isomorphism if A commutes with the dilations λt for all t > 0; that is,
A ◦ λt = λt ◦ A for all t > 0. Let Autg(N ) be the group of graded isomorphisms of N . We
say V1 is reducible (or the first layer of N is reducible) if there is a non-trivial proper linear
subspace W1 ⊂ V1 such that A(W1) =W1 for every A ∈ Autg(N ).
Let N be a Carnot group with Lie algebra N = V1 ⊕ · · · ⊕ Vr. Let d be a left invariant
sub-Riemannian Carnot metric determined by an inner product <,> on V1. A graded iso-
morphism A : N → N is called isometric if A|V1 : V1 → V1 is an orthogonal transformation.
Recall that for a simply connected nilpotent Lie group N with Lie algebra N , the
exponential map exp : N → N is a diffeomorphism. In particular, this is the case for Carnot
groups. We often identify a Carnot group N with its Lie algebra via the exponential map.
Theorem 1.1. Let N be a Carnot group equipped with a left invariant sub-Riemannian
Carnot metric. Suppose the Lie algebra of N has a reducible first layer. Let F : U → N be a
1-quasiconformal map defined on a connected open subset U of N . Then F is the restriction
to U of the composition of a standard dilation, a left translation and an isometric graded
isomorphism.
We actually prove a slightly more general result, see Theorem 4.3. As a result we also
obtain the following:
Theorem 1.2. Let N be a non-rigid Carnot group equipped with a left invariant sub-
Riemannian Carnot metric.
(1) Every global 1-quasiconformal map F : N → N is the composition of a standard dilation,
a left translation and an isometric graded isomorphism;
(2) Suppose in addition that N is not one of the following: Euclidean groups; Heisenberg
groups, complex Heisenberg groups. Then every 1-quasiconformal map defined on a domain
of N is the restriction to U of the composition of a standard dilation, a left translation and
an isometric graded isomorphism.
Statement (2) in Theorem 1.2 does not hold for Euclidean groups and Heisenberg groups
due to the existence of 1-quasiconformal inversions in Euclidean groups and Heisenberg
groups [KR].
After emailing this preprint to Alessandro Ottazzi, the author was informed that Michael
Cowling and Alessandro Ottazzi [CO] have recently proved the Liouville theorem for all
Carnot groups. For this reason, our work on 1-quasiconformal maps should be viewed as an
alternative proof for their general result in the particular cases of non-rigid Carnot groups
and Carnot groups with reducible first layer. However, notice that our proof is different
and independent from their work.
We remark that our version of the Liouville theorem is stronger than the classical version
since in our case there is no 1-quasiconformal inversions as in the Euclidean spaces. We also
remark that unlike standard dilations and left translations, isometric graded isomorphisms
depend on the inner product on the first layer of the Carnot algebra that defines the left
invariant sub-Riemannian Carnot metric on the Carnot group. In other words, there may
exist two left invariant sub-Riemannian Carnot metrics d1, d2 on the same Carnot group
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N such that an isometric graded isomorphism with respect to d1 is not an isometric graded
isomorphism with respect to d2. See the end of Section 4 for an explicit example.
Our second goal of the paper is to establish rigidity result for general quasiconformal
maps on Carnot groups with reducible first layer. We first recall a definition.
Let K ≥ 1 and C > 0. A bijection F : X → Y between two metric spaces is called a
(K,C)-quasi-similarity if
C
K
d(x, y) ≤ d(F (x), F (y)) ≤ CK d(x, y)
for all x, y ∈ X.
Clearly a map is a quasi-similarity if and only if it is biLipschitz. The point here is
that often there is control on K but not on C. In this case, the notion of quasi-similarity
provides more information about the distortion.
Theorem 1.3. Let N be a Carnot group whose Lie algebra has reducible first layer.
(1) Let U ⊂ N be an open subset and F : U → N an η-quasisymmetric map into N . For
x ∈ U denote δU (x) = d(x, ∂U). Then for each x ∈ U , F |B(x,δU (x)/K1) is a (K2, C)-quasi-
similarity, where K1,K2 are constants that depend only on η and N ;
(2) Every η-quasisymmetric map F : N → N is a (K,C)-quasi-similarity, where K is a
constant that depends only on η and N .
The reader is referred to Section 2.3 for the definition of quasisymmetric map.
Theorem 1.3 generalizes the results in [X2] in two directions. First of all, Theorem
1.3 holds for all Carnot groups with reducible first layer, instead of just for 2-step Carnot
groups. Secondly, it holds true for maps defined on any open subset, instead of global
quasisymmetric maps as assumed in [X2].
In Section 2 we recall basic definitions and facts about Carnot groups. In Section 3 we
prove Theorem 1.3. In Section 4 we prove Theorem 1.1 and Theorem 1.2.
2 Preliminaries
In this Section we collect definitions and results that shall be needed later. We first re-
call the basic definitions related to Carnot groups in Subsection 2.1. Then we review the
BCH formula (Subsection 2.2), the definitions of quasiconformal and quasisymmetric maps
(Subsection 2.3) and Pansu differentiability theorem (Subsection 2.4).
2.1 Carnot algebras and Carnot groups
A Carnot Lie algebra is a finite dimensional Lie algebra G over R together with a direct sum
decomposition G = V1 ⊕ V2 ⊕ · · · ⊕ Vr of non-trivial vector subspaces such that [V1, Vi] =
Vi+1 for all 1 ≤ i ≤ r, where we set Vr+1 = {0}. The integer r is called the degree of
nilpotency of G. Every Carnot algebra G = V1 ⊕ V2 ⊕ · · · ⊕ Vr admits a one-parameter
family of automorphisms λt : G → G, t ∈ (0,∞), where λt(x) = tix for x ∈ Vi. Let
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G = V1 ⊕ V2 ⊕ · · · ⊕ Vr and G′ = V ′1 ⊕ V ′2 ⊕ · · · ⊕ V ′s be two Carnot algebras. A Lie
algebra homomorphism φ : G → G′ is graded if φ commutes with λt for all t > 0; that is, if
φ ◦ λt = λt ◦ φ. We observe that φ(Vi) ⊂ V ′i for all 1 ≤ i ≤ r.
A simply connected nilpotent Lie group is a Carnot group if its Lie algebra is a Carnot
algebra. Let G be a Carnot group with Lie algebra G = V1 ⊕ · · · ⊕ Vr. The subspace V1
defines a left invariant distribution HG ⊂ TG on G. We fix a left invariant inner product
on HG. An absolutely continuous curve γ in G whose velocity vector γ′(t) is contained in
Hγ(t)G for a.e. t is called a horizontal curve. By Chow’s theorem ([BR, Theorem 2.4]), any
two points of G can be connected by horizontal curves. Let p, q ∈ G, the Carnot metric
dc(p, q) between them is defined as the infimum of length of horizontal curves that join p
and q.
Since the inner product on HG is left invariant, the Carnot metric on G is also left
invariant. Different choices of inner product on HG result in Carnot metrics that are
biLipschitz equivalent. The Hausdorff dimension of G with respect to a Carnot metric is
given by
∑r
i=1 i · dim(Vi).
Recall that, for a simply connected nilpotent Lie group G with Lie algebra G, the
exponential map exp : G → G is a diffeomorphism. Under this identification the Lesbegue
measure on G is a Haar measure on G. Furthermore, the exponential map induces a one-
to-one correspondence between Lie subalgebras of G and connected Lie subgroups of G.
Let G be a Carnot group with Lie algebra G = V1 ⊕ · · · ⊕ Vr. Since λt : G → G (t > 0)
is a Lie algebra automorphism and G is simply connected, there is a unique Lie group
automorphism Λt : G → G whose differential at the identity is λt. For each t > 0, Λt is a
similarity with respect to the Carnot metric: d(Λt(p),Λt(q)) = t d(p, q) for any two points
p, q ∈ G. A Lie group homomorphism f : G → G′ between two Carnot groups is a graded
homomorphism if it commutes with Λt for all t > 0; that is, if f ◦Λt = Λt ◦ f . Notice that,
a Lie group homomorphism f : G→ G′ between two Carnot groups is graded if and only if
the corresponding Lie algebra homomorphism is graded.
2.2 The Baker-Campbell-Hausdorff formula
Let G be a simply connected nilpotent Lie group with Lie algebra G. The exponential map
exp : G → G is a diffeomorphism. One can then pull back the group operation from G to
get a group structure on G. This group structure can be described by the Baker-Campbell-
Hausdorff formula (BCH formula in short), which expresses the product X ∗ Y (X,Y ∈ G)
in terms of the iterated Lie brackets of X and Y . The group operation in G will be denoted
by ·. The pull-back group operation ∗ on G is defined as follows. For X,Y ∈ G, define
X ∗ Y = exp−1(expX · expY ).
Then the first a few terms of the BCH formula ([CG], page 11) is given by:
X ∗ Y = X + Y + 1
2
[X,Y ] +
1
12
[X, [X,Y ]]− 1
12
[Y, [X,Y ]] + · · · .
A horizontal line in a Carnot group G = G = V1 ⊕ · · · ⊕ Vr is a subset of the form
g ∗ Re, where g ∈ G and 0 6= e ∈ V1. A segment of a horizontal line is called a horizontal
line segment.
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2.3 Quasiconformal and quasisymmetric maps
Here we recall the definitions of quasiconformal and quasisymmetric maps.
Let F : X → Y be a homeomorphism between two metric spaces. For x ∈ X and t > 0,
define
HF (x, t) =
sup{d(F (x′), F (x))|d(x′, x) ≤ t}
inf{d(F (x′), F (x))|d(x′, x) ≥ t} .
The map F is called λ-quasiconformal if lim supt→0HF (x, t) ≤ λ for all x ∈ X. We say F
is quasiconformal if it is λ-quasiconformal for some λ ≥ 1.
Let η : [0,∞) → [0,∞) be a homeomorphism. A homeomorphism F : X → Y between
two metric spaces is η-quasisymmetric if for all distinct triples x, y, z ∈ X, we have
d(F (x), F (y))
d(F (x), F (z))
≤ η
(
d(x, y)
d(x, z)
)
.
If F : X → Y is an η-quasisymmetry, then F−1 : Y → X is an η1-quasisymmetry, where
η1(t) = (η
−1(t−1))−1. See [V], Theorem 6.3. A homeomorphism between metric spaces is
quasisymmetric if it is η-quasisymmetric for some η.
We remark that quasisymmetric homeomorphisms between general metric spaces are
quasiconformal. In the case of Carnot groups (and more generally Loewner spaces), a
quasiconformal homeomorphism is locally quasisymmetric, see [HK], Theorem 4.7.
The main result in [BKR] says that a quasiconformal map between two proper, locally
Ahlfors Q-regular (Q > 1) metric spaces is absolutely continuous on almost every curve.
This result applies to quasiconformal maps between open subsets of Carnot groups.
Pansu [P] proved that a quasisymmetric map F : U1 → U2 between open subsets of
Carnot groups is absolutely continuous: a measurable set A ⊂ U1 has measure 0 if and only
if F (A) has measure 0.
2.4 Pansu differentiability theorem
First the definition:
Definition 2.1. Let G and G′ be two Carnot groups endowed with Carnot metrics, and
U ⊂ G, U ′ ⊂ G′ open subsets. A map F : U → U ′ is Pansu differentiable at x ∈ U if there
exists a graded homomorphism L : G→ G′ such that
lim
y→x
d(F (x)−1 ∗ F (y), L(x−1 ∗ y))
d(x, y)
= 0.
In this case, the graded homomorphism L : G→ G′ is called the Pansu differential of F at
x, and is denoted by dF (x).
We have the following chain rule for Pansu differentials:
Lemma 2.1. (Lemma 3.7 in [CC]) Suppose F1 : U1 → U2 is Pansu differentiable at p, and
F2 : U2 → U3 is Pansu differentiable at F1(p). Then F2 ◦ F1 is Pansu differentiable at p
and d(F2 ◦ F1)(p) = dF2(F1(p)) ◦ dF1(p).
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Notice that the Pansu differential of the identity map U1 → U1 is the identity isomor-
phism. Hence if F : U1 → U2 is bijective, F is Pansu differentiable at p ∈ U1 and F−1 is
Pansu differentiable at F (p), then dF−1(F (p)) = (dF (p))−1.
The following result (except the terminology) is due to Pansu [P].
Theorem 2.2. Let G,G′ be Carnot groups, and U ⊂ G, U ′ ⊂ G′ open subsets. Let
F : U → U ′ be a quasiconformal map. Then F is a.e. Pansu differentiable. Furthermore,
at a.e. x ∈ U , the Pansu differential dF (x) : G→ G′ is a graded isomorphism.
In Theorem 2.2 and the proofs below, “a. e.” is with respect to the Lesbegue measure
on G = G.
3 Quasiconformal maps are locally biLipschitz
In this Section we prove Theorem 1.3.
The following Lemma follows from the proof of Proposition 3.4 in [X3]
Lemma 3.1. Let G and G′ be two Carnot groups with Lie algebras G = V1 ⊕ · · · ⊕ Vm and
G′ = V ′1 ⊕ · · · ⊕ V ′n respectively. Let W1 ⊂ V1, W ′1 ⊂ V ′1 be subspaces. Denote by W ⊂ G
and W ′ ⊂ G′ respectively the Lie subalgebras generated by W1 and W ′1. Let W ⊂ G and
W ′ ⊂ G′ respectively be the connected Lie subgroups of G and G′ corresponding to W and
W ′. Let U ⊂ G be an open subset and F : U → G′ be a quasisymmetric embedding. If
dF (x)(W1) ⊂W ′1 for a.e. x ∈ U , then for each left coset L of W , F sends every connected
component of U ∩ L into a left coset of W ′.
Let N be a Carnot group with Lie algebra N = V1⊕· · ·⊕Vr, andW1 ⊂ V1 be a nontrivial
proper linear subspace of V1 invariant under the action of Autg(N ). Let W be the sub-
algebra of N generated by W1. Denote by W the connected Lie subgroup of N with Lie
algebraW. Notice thatW is also a Carnot algebra and can be written asW =W1⊕· · ·⊕Wr.
In general, there is some integer 1 ≤ s ≤ r such that Ws 6= 0 and Wj = 0 for j > s. Let
<,> be an inner product on V1 and d the left invariant sub-Riemannian Carnot metric on
N determined by <,>. Let W⊥1 ⊂ V1 be the orthogonal complement of W1 in V1.
Let U ⊂ N be an open subset of N and F : U → N an η-quasisymmetric embedding into
N . Let x ∈ U be a point such that the Pansu differential dF (x) exists. Then dF (x)(V1) =
V1. In particular, dF (x)(W
⊥
1 ) ⊂ V1. There exist linear maps A1(x) : W⊥1 → W1 and
B1(x) : W
⊥
1 →W⊥1 such that dF (x)(v) = A1(x)(v) +B1(x)(v) for all v ∈W⊥1 .
Recall that we identify N and N via the exponential map and the group operation is
denoted by x ∗ y for x, y ∈ N .
Lemma 3.2. Let L be a left coset of W . Let p, q ∈ L ∩ U be in the same component of
L ∩ U . Suppose dF (p) and dF (q) exist. Then B1(p) = B1(q).
Proof. It suffices to show that B1(p)(e) = B1(q)(e) for each unit vector e ∈ W⊥1 . So let
e ∈W⊥1 be a fixed unit vector. For small s > 0, denote ps = p ∗ se and qs = p ∗ se ∗ (−p) ∗ q.
Denote by Ls = ps ∗W the left coset of W containing ps. Notice that qs ∈ Ls.
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Since dF (p) exists and (−p) ∗ ps = se, there exists x˜(s) ∈ N satisfying
F (ps) = F (p) ∗ dF (p)(se) ∗ x˜(s) (3.1)
and d(x˜(s), o) = o(s). Similarly, since dF (q) exists, there exists y˜(s) ∈ N satisfying
F (qs) = F (q) ∗ dF (q)((−q) ∗ qs) ∗ y˜(s) (3.2)
and d(y˜(s), o) = o(s). Since p and q lie in the same component of L ∩ U , by Lemma 3.1
F (p) and F (q) lie in the same left coset of W . Similarly, for sufficiently small s > 0, F (ps)
and F (qs) also lie in the same left coset of W . It follows that F (q) = F (p) ∗ c for some
c = c1 + · · · + cr ∈ W and F (qs) = F (ps) ∗ b for some b = b1 + · · · + br ∈ W . Now (3.2)
implies
F (qs) = F (p) ∗ (c1 + · · ·+ cr) ∗ dF (q)((−q) ∗ qs) ∗ y˜(s) (3.3)
and (3.1) implies
F (qs) = F (p) ∗ dF (p)(se) ∗ x˜(s) ∗ (b1 + · · ·+ br). (3.4)
Write x˜(s) = x1(s) + · · · + xr(s) and y˜(s) = y1(s) + · · · + yr(s) with xi(s), yi(s) ∈ Vi. By
using BCH formula and comparing the V1 component of the two expressions (3.3), (3.4),
we get
s · dF (p)(e) + x1(s) + b1 = c1 + s · dF (q)(e) + y1(s). (3.5)
In the above we used the fact that the V1 component of (−q) ∗ qs is se and so the V1
component of dF (q)((−q) ∗ qs) is s · dF (q)(e). By applying to both sides of (3.5) the
projection π⊥ : V1 =W1 ⊕W⊥1 →W⊥1 we obtain
s · B1(p)(e) + π⊥(x1(s)) = s · B1(q)(e) + π⊥(y1(s)).
Since d(x˜(s), o) = o(s) and d(y˜(s), o) = o(s), we must have B1(p)(e) = B1(q)(e).
We call a left coset L of W a good left coset if L ∩ U 6= ∅, F is Pansu differentiable
at a.e. x ∈ L ∩ U and F−1 is Pansu differentiable at a.e. y ∈ F (L ∩ U). Theorem 2.2,
Fubini’s theorem and the fact that quasiconformal maps between domains of Carnot groups
are absolutely continuous imply that a.e. left coset L of W with L ∩ U 6= ∅ is a good left
coset.
Notice that for any Carnot group G equipped with a left invariant sub-Riemannian
metric d, there is a constant K(G) depending only on G with the following property. Every
two points g1, g2 ∈ G can be joined by a path σ satisfying:
(1) σ consists of horizontal line segments;
(2) the length of σ is at most K(G) · d(g1, g2).
Let K˜1 = K(W ) be the constant associated with W . We shall use this fact for left cosets
L of W .
For x ∈ U , denote δU (x) = d(x, ∂U). Similarly let δF (U)(y) = d(y, ∂F (U)) for y ∈ F (U).
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Lemma 3.3. There exist two constants K1,K2 ≥ 1 that depend only on η and the group
N with the following property. For any x ∈ U , and any good left coset L of W such that
L ∩ B(x, δU (x)K1 ) 6= ∅, the restriction of F to L ∩ B(x,
δU (x)
K1
) is a (K2, CL)-quasi-similarity
for some constant CL > 0.
Proof. Set r1(x) =
δU (x)
4K˜1
. Let L be a good left coset of W such that L ∩ B(x, r1(x)) 6= ∅.
Fix a unit vector u ∈W1 and a point p ∈ L ∩B(x, r1(x)) such that dF (p) exists. Set CL =
|dF (p)(u)|. Recall that W1 is invariant under all graded isomorphisms. Since F : U → N
is η-quasisymmetric, Lemma 3.2 implies that there exists a constant K˜2 that depends only
on η with the following property: for any point q ∈ L ∩B(x, r1(x)) such that dF (q) exists,
we have
CL/K˜2 = |dF (p)(u)|/K˜2 ≤ |dF (q)(e)| ≤ K˜2 · |dF (p)(u)| = K˜2CL (3.6)
for any unit vector e ∈ V1.
For any unit vector e ∈ W1, consider the family of horizontal lines g ∗ Re (g ∈ N)
contained in L. By Lemma 3.1 for any connected component U˜ of L∩U , F |U˜ : U˜ → F (U˜) is
η-quasisymmetric into a left coset ofW . Hence F |U˜ can be viewed as a quasisymmetric map
between domains ofW . By the main result in [BKR], for a.e. horizontal line l = g∗Re ⊂ L,
F |U∩l is absolutely continuous. By (3.6) we see that F is K˜2CL-Lipschitz on each component
of l ∩ U . By continuity, we see that for every horizontal line l = g ∗ Re ⊂ L, F is K˜2CL-
Lipschitz on each component of l ∩ U .
Now let g1, g2 ∈ L ∩B(x, r1(x)). By using a path σ ⊂ L joining g1 and g2 that consists
of horizontal line segments and has length at most K˜1 · d(g1, g2), we see that the restriction
of F to L∩B(x, r1(x)) is K˜1K˜2CL-Lipschitz. Here we notice that σ ⊂ B(x, δU (x)) ⊂ U . Let
L′ be the left coset of W that contains F (L∩B(x, r1(x)). Then a similar argument applied
to F−1 : F (U)→ U shows that the restriction of F−1 to L′ ∩B(F (x), r2(x)) is K˜1K˜2/CL-
Lipschitz, where r2(x) =
δF (U)(F (x))
4K˜1
. Here we used the fact that dF−1(F (p)) = (dF (p))−1.
The Lemma will follow once we show that there is a constant K1 ≥ 4K˜1 depending only on
η and N such that
F−1(B(F (x), r2(x))) ⊃ B(x, δU (x)
K1
). (3.7)
Let p ∈ U with d(x, p) = r1(x). The quasisymmetry condition implies δF (U)(F (x)) ≥
d(F (x),F (p))
η(1) , which in turn implies r2(x) ≥ d(F (x),F (p))4K˜1η(1) . Let K1 ≥ 4K˜1 be determined by
η
(
4K˜1
K1
)
=
1
8η(1)K˜1
.
Suppose (3.7) fails. Then there exists some y ∈ B(x, δU (x)K1 ) such that d(F (y), F (x)) = r2(x).
Notice that d(y,x)d(p,x) ≤ 4K˜1K1 . The quasisymmetry condition implies
1
4η(1)K˜1
=
r2(x)
4η(1)K˜1r2(x)
≤ d(F (y), F (x))
d(F (p), F (x))
≤ η
(
4K˜1
K1
)
=
1
8η(1)K˜1
.
The contradiction finishes the proof.
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Lemma 3.4. There exists a constant K3 ≥ 1 that depends only on η and the group N with
the following property. Let L be a good left coset of W and x ∈ L∩U . Then for every good
left coset L1 with L1 ∩ B(x, r2(x)) 6= ∅ we have CLK3 ≤ CL1 ≤ K3 · CL, where r2(x) =
δU (x)
10K1
with K1 the constant in Lemma 3.3.
Proof. Pick any y ∈ L1∩B(x, r2(x)) and fix p ∈ L and q ∈ L1 with d(p, x) = d(q, x) = δU (x)2K1 .
Then the distances d(y, q) and d(x, q) are comparable. Now the quasisymmetry condition
implies that the two distances d(F (y), F (q)) and d(F (x), F (q)) are also comparable (up to a
multiplicative constant that depends only on η). Similarly d(F (x), F (q)) and d(F (x), F (p))
are also comparable. It follows that d(F (y), F (q)) and d(F (x), F (p)) are comparable. On
the other hand, by Lemma 3.3 F is a (K2, CL1)-quasi-similarity on L1 ∩ B(x, δU (x)K1 ). In
particular we have
d(y, q) · CL1/K2 ≤ d(F (y), F (q)) ≤ K2CL1 · d(y, q).
Similarly we have
d(x, p) · CL/K2 ≤ d(F (x), F (p)) ≤ K2CL · d(x, p).
Now the Lemma follows since d(x, p)/2 ≤ d(y, q) ≤ 2 · d(x, p).
Lemma 3.5. Let x ∈ U . Then F |B(x,r2(x)/100) is a (K4, C)-quasi-similarity, where K4
depends only on η and the group N .
Proof. Let L be a good left coset of W satisfying L ∩ B(x, r2(x)/100) 6= ∅ and x0 ∈
L ∩ B(x, r2(x)/100). Notice that B(x, r2(x)/100) ⊂ B0 := B(x0, r2(x0)/10). It suffices to
show F |B0 is a (K4, CL)-quasi-similarity, where K4 depends only on η and the group N .
Lemma 3.4 and Lemma 3.3 imply that F |L1∩B(x0,r2(x0)) is a (K2K3, CL)-quasi-similarity
for every good left coset L1 intersecting the ball B0. Since a.e. left coset is a good left coset,
the same statement holds for all left coset L1 intersecting B0.
Now let y1, y2 ∈ B0. Let L1 be the left coset passing through y1 and p ∈ L1 satisfying
d(y1, p) = d(y1, y2). Since F is η-quasisymmetric, d(F (y1), F (p)) and d(F (y1), F (y2)) are
comparable. Since F |L1∩B(x0,r2(x0)) is a (K2K3, CL)-quasi-similarity, we have
CL
K2K3
·d(y1, y2) = CL
K2K3
·d(y1, p) ≤ d(F (y1), F (p)) ≤ K2K3CL·d(y1, p) = K2K3CL·d(y1, y2).
Theorem 1.3 (1) follows from Lemma 3.5. When U = N , we have r2(x) = δU (x) = ∞.
Hence Theorem 1.3 (2) also follows from Lemma 3.5.
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4 A Liouville theorem for 1-quasiconformal maps
In this Section we prove Theorem 1.1 and Theorem 1.2.
We shall need the following two results.
Theorem 4.1. ([CC], Theorem 1.1) Suppose that U1 and U2 are open subsets of Carnot
groups N1 6= R and N2 and suppose that F : U1 → U2 is a 1-quasiconformal map. Then F
is smooth.
Theorem 4.2. ([LO], Theorem 1.1) Let N be a Carnot group equipped with a left invariant
sub-Finsler metric. Let U1, U2 ⊂ N be two open subsets. Let F : U1 → U2 be an isome-
try. Then there exists a left translation τ and a graded isomorphism φ such that F is the
restriction to U1 of τ ◦ φ.
Notice that the graded isomorphism φ in Theorem 4.2 must be an isometry of N .
When N is equipped with a left invariant sub-Riemannian metric, φ is an isometric graded
isomorphism.
Theorem 1.1 follows easily from the following result.
Theorem 4.3. Let N be a Carnot group with Lie algebra N = V1 ⊕ · · · ⊕ Vr. Let N be
equipped with a left invariant sub-Riemannian Carnot metric. Let U ⊂ N be a domain in N
and F : U → N a 1-quasiconformal map into N . Suppose there is a nontrivial proper linear
subspace W1 ⊂ V1 such that dF (x)(W1) = W1 for all x ∈ U . Then there exist a standard
dilation λt0 , a left translation Ln0 and an isometric graded isomorphism g0 : N → N such
that F agrees with the restriction of λt0 ◦ Ln0 ◦ g0.
Proof. Theorem 4.1 implies that the map F is Pansu differentiable everywhere. Since F
is 1-quasiconformal, for any x ∈ U , the restriction of dF (x) : N → N to V1 has the
form dF (x)|V1 = a(x) · R(x), where a(x) > 0 and R(x) : V1 → V1 is an orthogonal linear
transformation of V1. By assumption R(x)(W1) = W1. Let W
⊥
1 ⊂ V1 be the orthogonal
complement of W1 in V1. Then we clearly have R(x)(W
⊥
1 ) = W
⊥
1 . There exist orthogonal
linear transformations A(x) : W1 → W1 and B(x) : W⊥1 → W⊥1 such that for any u ∈ W1,
u⊥ ∈W⊥1 we have R(x)(u+ u⊥) = A(x)(u) +B(x)(u⊥).
Let W be the connected Lie subgroup with Lie algebra < W1 > and L be an arbitrary
left coset of W . By Lemma 3.2, for any two points x, y ∈ L ∩ U in the same connected
component of L ∩ U we have a(x)B(x) = a(y)B(y); in particular, we have a(x) = a(y).
Similarly if W⊥ denotes the connected Lie subgroup with Lie algebra < W⊥1 > and L
⊥ is
an arbitrary left coset of W⊥, then a(x) = a(y) for any two points x, y ∈ L⊥ ∩ U in the
same connected component of L⊥ ∩ U .
For any point x ∈ U , there is a neighborhood U(x) ⊂ U such that for any y ∈ U(x),
there is a path in U from x to y consisting of horizontal line segments σi such that each
σi lies in either a left coset of W or a left coset of W
⊥. By the preceding paragraph, we
have a(y) = a(x) for all y ∈ U(x). Since U is connected, it follows that a(p) = a(q) for
any two points p, q ∈ U . After composing F with a standard dilation we may assume that
a(x) = 1 for every x ∈ U . For each x ∈ U we may assume the neighborhood U(x) has
the property that every two points y1, y2 ∈ U(x) can be joined by a geodesic in U . By
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considering the image of a such a geodesic under F , we see that F |U(x) is 1-Lipschitz. By
considering F−1 : F (U) → U we see that F is locally an isometry. Theorem 4.2 implies
that F |U(x) is the restriction of a composition Fx := τx ◦ φx, where τx is a left translation
and φx is an isometric graded isomorphism. Notice that Fx : N → N is a polynomial map.
Hence if two open subsets U(x) and U(y) have non-empty intersection, then Fx = Fy. Since
U is connected we have Fx = Fy for any x, y ∈ U . Hence F is the restriction to U of the
composition of a left translation and an isometric graded isomorphism.
Before we prove Theorem 1.2, we recall the definitions of Heisenberg product groups
and complex Heisenberg product groups. We first recall Heisenberg groups and complex
Heisenberg groups. For each integer n ≥ 1, the n-th Heisenberg algebra Hn = V1 ⊕ V2 is
a 2-step Carnot algebra with dimV1 = 2n and dimV2 = 1. The first layer V1 has a basis
X1, Y1, · · · ,Xn, Yn and the second layer V2 has a basis Z with the only nontrivial bracket
relations [Xj , Yj ] = Z, 1 ≤ j ≤ n. The n-th Heisenberg group Hn is the Carnot group with
Lie algebra Hn.
For each integer n ≥ 1, the n-th complex Heisenberg algebra Hn
C
is a complex Lie
algebra and has a complex vector space basis Xj , Yj , Z (1 ≤ j ≤ n) with the only nontrivial
bracket relations [Xj , Yj] = Z, 1 ≤ j ≤ n. Of course, it has more bracket relations as
a real Lie algebra coming from the fact that the bracket is complex linear: [Xj , iYj ] =
[iXj , Yj ] = iZ and [iXj , iYj ] = −Z. The first layer V1 of HnC is spanned by the Xj , Yj ,
1 ≤ j ≤ n and has complex dimension 2n. The second layer V2 is spanned by Z and has
complex dimension 1. The n-th complex Heisenberg group Hn
C
is the Carnot group whose
Lie algebra is Hn
C
. We identify Hn
C
and its Lie algebra Hn
C
with C2n+1 = C2n × C. So
V1 = C
2n × {0} and V2 = {0} × C. We notice that if V1 = C2n × {0} is equipped with the
standard inner product, then the complex conjugation τ : Hn
C
= C2n×C→ C2n×C = Hn
C
,
τ(w1, · · · , wn, z) = (w¯1, · · · , w¯n, z¯), is an isometric graded isomorphism.
We next introduce Heisenberg product groups and complex Heisenberg product groups.
Roughly, a Heisenberg product group is a suitable quotient of the direct product of the
same Heisenberg group and a complex Heisenberg product group is a suitable quotient of
the direct product of the same complex Heisenberg group.
Let m,n ≥ 1 be integers. Let N˜ be the direct sum of m copies of the n-th Heisenberg
algebra Hn. In other words, N˜ = H˜1 ⊕ · · · ⊕ H˜m, where each H˜j = Hn. Let V˜1,j and L˜j
respectively be the first and second layers of H˜j. Let V˜1 and V˜2 respectively be the first
and second layers of N˜ . Then V˜1 = V˜1,1 ⊕ · · · ⊕ V˜1,m and V˜2 = L˜1 ⊕ · · · ⊕ L˜m. Since V˜2 is
central in N˜ , every linear subspace V ⊂ V˜2 is an ideal of N˜ and N˜/V = V˜1 ⊕ (V˜2/V ) is a
Carnot algebra. A Heisenberg product algebra is a Carnot algebra of the form
N := N˜/V = V˜1 ⊕ (V˜2/V ),
where V ⊂ V˜2 is a linear subspace satisfying some extra conditions. See [X1], Introduction
for more details. The complex Heisenberg product algebras are defined similarly, with
Heisenberg algebras replaced with complex Heisenberg algebras in the above definition
(V ⊂ V˜2 is still a REAL linear subspace).
Recall that for any Carnot algebra N = V1 ⊕ · · · ⊕ Vr and any x ∈ V1, the rank r(x)
of x is defined to be the rank of the linear transformation ad x : N → N , ad x(y) = [x, y].
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It is easy to see that for any x ∈ V1 and any graded isomorphism A : N → N we have
r(A(x)) = r(x).
What is important for us about (complex) Heisenberg product algebras is the following
fact: r(x) ≥ 1 for each nonzero x ∈ V˜1 ⊂ N , and r(x) ≤ 1 if and only if x ∈ V˜1,j for some
1 ≤ j ≤ m. Hence every graded isomorphism h : N → N permutes the subspaces V˜1,1, · · · ,
V˜1,m.
A Carnot group is a Heisenberg product group if its Lie algebra is a Heisenberg product
algebra. The complex Heisenberg product groups are defined similarly. The following is a
characterization of non-rigid Carnot groups with reducible first layer. Recall that a Carnot
group N is called rigid if the space of contact maps is finite dimensional. A. Ottazzi
and B. Warhurst [OW] (and independently B. Doubrov and O. Radko [DR]) have given a
characterization of rigid Carnot groups in terms of the rank of elements in the Lie algebra.
Theorem 4.4. (Theorem 4.8, [X1]) Let N be a non-rigid Carnot algebra. Then N has an
irreducible first layer if and only if exactly one of the following happens:
(1) N is abelian;
(2) N is a Heisenberg product algebra;
(3) N is a complex Heisenberg product algebra.
Now we are ready for the proof of Theorem 1.2.
Proof of Theorem 1.2. We first prove (2).
(2) LetN be a non-rigid Carnot group equipped with a left invariant sub-Riemannian Carnot
metric. Suppose N is not one of the following: (a) Euclidean groups; (b) Heisenberg groups;
(c) complex Heisenberg groups. Let F : U → N be a 1-quasiconformal map defined on a
domain in N . By Theorem 4.4, N has reducible first layer unless it is a Heisenberg product
group or a complex Heisenberg product group. The claim follows from Theorem 1.1 if
N has reducible first layer. Now assume N is a Heisenberg product group or a complex
Heisenberg product group with at least two factors. Using the above notation, every graded
isomorphism h : N → N permutes the subspaces V˜1,1, · · · , V˜1,m. Since by Theorem 4.1 F
is smooth, the Pansu differential of F (more precisely, dF (p)−1 ◦ F , where p ∈ U is fixed)
still satisfies the assumption of Theorem 4.3. Hence the claim holds.
(1) Now let F : N → N be a global 1-quasiconformal map. By (2) above, we may
assume that N is one of the following: (a) Euclidean groups; (b) Heisenberg groups; (c)
complex Heisenberg groups. It is a classical result that if N is Euclidean then F is a
similarity. When N is a Heisenberg group, the claim follows from [C] or [T]. Now let N
be a complex Heisenberg group Hn
C
= C2n × C. Since F is smooth, the arguments in [RR]
show that F is biholomorphic after possibly composing with the complex conjugation τ ,
which is an isometric graded isomorphism. It was observed in [X4], Section 4, that F is
then the composition of a left translation, and a graded isomorphism h. A (biholomorphic)
graded isomorphism h has the form h = (A,B), where A : C2n → C2n is a complex linear
map and B : C → C is given by B(z) = det(A) · z. Here det(A) is the determinant of the
linear map A. Since F is 1-quasiconformal, we see that A has the form A = a ·M , where
a > 0 and M : C2n → C2n is a unitary transformation. It follows that h is the composition
of the standard dilation λa and an isometric graded isomorphism (whose restriction to V1
is given by M).
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We note that the claim in Theorem 1.2 (2) does not hold for Euclidean groups and
Heisenberg groups, due to the existence of 1-quasiconformal inversions. The inversions about
spheres in Euclidean spaces are 1-quasiconformal maps that do not satisfy the conclusion of
Theorem 1.2 (2). Similarly, there also exist 1-quasiconformal inversions in the Heisenberg
groups [KR]. In a certain sense, the conclusion of our Liouville type theorems is stronger
than in the classical one. Theorem 1.1 and Theorem 1.2 (2) rule out the existence of 1-
quasiconformal inversions in Carnot groups covered by these results. In this connection, we
remark that there is a recent result of D. Freeman [F] which characterizes all Carnot groups
that admit 1-quasiconformal inversions.
In general, the isometric graded isomorphisms depend on the Carnot metric, as shown
by the following example. Let N = H × H be the direct product of the first Heisenberg
group with itself. Its Lie algebra can be written as N = H ⊕H = V1 ⊕ V2 with first layer
V1 = R
2 ⊕ R2, where the first R2 is the first layer of the first H and the second R2 is the
first layer of the second H. Let e1, e2 denote the standard basis in the first R2, and e˜1, e˜2
denote the standard basis in the second R2. We consider two different left invariant Carnot
metrics d1, d2 on N . The metric d1 is determined by the inner product <,>1 on V1 that
has e1, e2, e˜1, e˜2 as an orthonormal basis. The metric d2 is determined by the inner product
<,>2 on V1 that has e1, e2, e˜1,
√
2
2 (e˜2 − e1) as an orthonormal basis.
Lemma 4.5. (1) The group of isometric graded isomorphisms of (N, d1) is isomorphic to
(O(2)⊕O(2))⋊Z2, where the generator of Z2 acts on O(2)⊕O(2) by (M1,M2)→ (M2,M1);
(2) The group of isometric graded isomorphisms of (N, d2) is isomorphic to (Z2⊕Z2⊕Z2)⋊
Z2, where the generator of Z2 acts on Z2 ⊕ Z2 ⊕ Z2 by (a, b, c) → (b, a, c).
Proof. Notice that r(x, y) ≥ 1 for every nonzero element (x, y) ∈ V1 = R2 ⊕ R2, and
furthermore r(x, y) = 1 if and only if one of the following happens:
(a) x = 0 and y 6= 0;
(b) y = 0 and x 6= 0.
It follows that for any graded isomorphism A : N → N , we have one of the following:
(i) A(R2 ⊕ {0}) = R2 ⊕ {0} and A({0} ⊕ R2) = {0} ⊕ R2;
(ii) A(R2 ⊕ {0}) = {0} ⊕ R2 and A({0} ⊕ R2) = R2 ⊕ {0}.
(1) follows easily from the above paragraph.
(2) Now let A : N → N be an isometric graded isomorphism with respect to the metric
d2. First assume A satisfies (i). Note the orthogonal complement of R
2⊕{0} in (V1, <,>2)
is E1 := Re˜1 ⊕ R(
√
2
2 · (e˜2 − e1)), and similarly the orthogonal complement of {0} ⊕ R2 is
E2 := Re2 ⊕ R(e1 − 13 e˜2). Since A preserves orthogonal complement, we have A(E1) = E1
and A(E2) = E2. Note E1 ∩ ({0} ⊕ R2) = Re˜1 and E2 ∩ (R2 ⊕ {0}) = Re2. It follows that
A(Re˜1) = Re˜1 and A(Re2) = Re2. Then A also preserves the orthogonal complement of Re˜1
in {0}⊕R2 and that of Re2 in R2⊕{0}. That is, we have A(Re˜2) = Re˜2 and A(Re1) = Re1.
From this it is easy to see that there are only 8 such isometric graded isomorphisms. They
are given by A(e˜1) = ǫ1e˜1, A(e2) = ǫ2e2, A(e1) = ǫ3e1 and A(e˜2) = ǫ3e˜2, where ǫ1, ǫ2, ǫ3 ∈
{1,−1}. They form a group H isomorphic to Z2 ⊕ Z2 ⊕ Z2.
A similar argument shows that there are also 8 isometric graded isomorphisms with
repect to d2 that satisfy (ii). They are given by A(e˜1) = ǫ1e2, A(e2) = ǫ2e˜1, A(e1) =
1√
3
ǫ3e˜2
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and A(e˜2) =
√
3ǫ3e1, where ǫ1, ǫ2, ǫ3 ∈ {1,−1}. If we denote by A0 the isometric graded
isomorphism corresponding to ǫ1 = ǫ2 = ǫ3 = 1, then these 8 isomorphisms are simply
A0 ·H. Now it is easy to see that (2) holds.
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